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Abstract—We present the results of simulations in an individualbased model describing spatial movement
and predator–prey interaction within a closed rectangular habitat. Movement of each individual animal is
determined by local conditions only, so any collective behavior emerges owing to selforganization. It is
shown that the pursuit of prey by predators entails predator interference, manifesting itself at the population
level as the dependency of the trophic function (individual ration) on predator abundance. The stabilizing
effect of predator interference on the dynamics of a predator–prey system is discussed. Inclusion of prey eva
sion induces apparent cooperation of predators and further alters the functional response, giving rise to a
strong Allee effect, with extinction of the predator population upon dropping below critical numbers. Thus,
we propose a simple mechanistic interpretation of important but still poorly understood behavioral phenom
ena that underlie the functioning of natural trophic systems.
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INTRODUCTION
Predator–prey systems are a class of biological
objects extensively studied by mathematical modeling.
Sustaining energy transfer in ecosystems, trophic
interactions represent a paramount type of interspe
cies relations. It is not incidental that mathematical
ecology started from building and examining a preda
tor–prey model [1–4]. In theoretical biology, parti
tioning of trophic communities into elementary pred
ator–prey pairs allows efficient use of the methods of
matrix and graph theory in studying the dynamic
properties of complex ecosystems [5].
Over the many decades that have passed since
Lotka and Volterra published their works [1, 2], our
understanding of the rules whereby trophic communi
ties live has improved substantially, yet many problems
still await solution. A topical problem in model
description of trophic systems is validation of the
choice of trophic function g(N, P) to specify the
dependence of predator individual ration on the num
bers of predators (P) and prey (N) [6].
Consider a particular case of the Gause–Kolmog
orov model with logistic reproduction of prey and a
constant predator mortality coefficient μ:
* The text and presentation have been additionally amended for
the English version. A.G.

⎧
⎪ dN
 = rN ⎛ 1 – N
⎞ – Pg ( N, P ),
⎝
⎪ dt
K⎠
⎨
⎪ dP
 = ePg ( N, P ) – μP.
⎪ 
dt
⎩

(1)

Here r and K are the coefficients of reproduction
and carrying capacity for the prey, e is predation effi
ciency. Even for the twocomponent set (1), the choice
of one or another form of g(N,P) qualitatively alters
the properties of the model and thus its ability to ade
quately describe the observed dynamics of natural
communities [5, 7–9].
Still the most popular one is the Holling function of
type II [10]:
g(N) = aN/(1 + ahN),

(2)

despite that in this case model (1)—the MacArthur–
Rosenzweig model [11]—demonstrates such absurd,
realitydefying properties as the “paradox of enrich
ment” [12] and the closely related “paradox of biolog
ical control” [13–15]. The paradox of enrichment
consists in that increased primary production entails
destabilization of the model dynamics, with increased
amplitudes of oscillation in numbers and elevated risk
of extinction either of predators or of both popula
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Fig. 1. Characteristic patterns of isopleths on the (N, P) plane for trophic functions: (a) Holling type II, (b) Arditi–Ginzburg–
Contois.

tions, whereas there is no convincing evidence of any
such effect in natural conditions [6, 16, 17]. The para
dox of biological control consists in that with the gen
erally accepted MacArthur–Rosenzweig model it is
impossible to reproduce any stable dynamics with a
low pest level, which corresponds to successful pest
suppression with a biocontrol agent [15, 18]. The use
of the same trophic function in modeling a food chain
leads to another striking inconsistency of the mathe
matical model with the observations in natural trophic
communities: the model predicts unrealistic, oppo
sitely directed reaction of “trophic cascade” levels to
bottomlevel
biomanipulations
(“enrichment
response” [6, 17]). Namely, if we take a chain model
with levels enumerated topdown (solely for demon
stration) and increase the productivity at the lowest
level, then the abundance at the topmost level 1 would
increase, that of level 2 remain constant, while the
reaction of the other levels would depend on their par
ity (!): oddnumbered levels (3, 5, …) show an
increase, while evennumbered ones (4, 6, …) show a
decrease, or preservation at h = 0 [6]. Jensen and Gin
zburg [17] have pointed out that a fourlevel model
would “suffer from this prediction of decreasing [pro
ducer] abundance with increasing enrichment” [a
bizarre situation indeed], while all the known attempts
at presenting natural observations of such dynamics
involve either inaccurate processing or erroneous
interpretation of the data (see also [6, 19]).
The same problems arise upon using any other
trophic function depending only on the prey popula
tion numbers, g(N) (preydependent function [16]).
The graphic reflection of the cause of all three contra
dictions is the verticality of the null isocline of the sec
ond equation in set (1) (see Fig. 1a below), and this
cause is abolished if the conventional theory is modi
fied by including into the model the predator interfer
ence effect, seen at the population level as the depen
dency of the trophic function on P [6, 7, 20–23]. The
term mutual interference was introduced in 1954 by
Park [24], who noted the importance of animal
BIOPHYSICS

Vol. 58

No. 2

2013

intraspecies behavioral interactions. Yet earlier, in
1947, Ivlev [25, 26] disclosed a phenomenon of “com
plicated relations of competition”, consisting in
reduction of the ration in joint foraging of consumers,
and proposed an original trophic function:
g(N/P) = gmax(1 – exp(–kN/P)).

(3)

Years later, Hassell and Varley in the now classical
work [27] proposed their dependence including inter
ference: g(N, P) = N/Pm. Then came the papers of
Beddington [28], DeAngelis et al. [21], and many
other results of theoretical and experimental studies
on predator interference. In systems of form (1), the
use of trophic functions with interference, g(N, P)
(predatordependent function [16]) allows taking into
account the time of predator interaction with compet
itors, implicitly including into a point model the
diverse effects of inhomogeneous environs and spatial
behavior of animals [23]. Formally, interference stabi
lizes the dynamics of system (1) owing to that the null
isocline of the predator equation with a predator
dependent function g(N, P) proves to be not vertical
but slanted (see Fig. 1b). The latter, in particular,
removes the paradox of enrichment: an initially stable
equilibrium of (1) remains stable upon increasing the
prey population productivity [6].
Note that among the various dependences pro
posed (some are given in [29, 30]) the simplest one is
the Arditi–Ginzburg–Contois function:
g(N/P) = αN/(P + αhN),

(4)

a generalization of the Holling type II function that
does not require additional parameters [6, 7, 16, 31, 32].
In (4), α specifies search efficacy, and h is “handling
time” (i.e., the time in which a predator deals with one
prey item) in the absence of competitors. However, as
distinct from (2) where parameter a is the area
searched by predator per unit time, in (4) this area in
fact depends on the number of predators, a = α/P.
Note also that, like the Ivlev function (3), the Arditi–
Ginzburg–Contois formula (4) belongs to the class of
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trophic functions the argument of which is the ratio of
prey to predator numbers (ratiodependent function
[16]).
Which of the multitude of proposed g(N, P) forms
would be most adequate to modeling a particular sys
tem? The choice of trophic function and its substanti
ation cannot rely solely on speculative schemes and
reasoning [7, 17]. Along with observations on natural
[33, 34] and laboratory trophic systems [30, 35], the
ory demands models explaining the very mechanism
whereby predator interference does emerge [23, 29,
36, 37].
MODEL OF ANIMAL SPATIAL BEHAVIOR
We propose a simple mechanistic model of the spa
tial behavior of individuals in a predator–prey system,
which allows direct estimation of the form of g(N, P)
dependence under various hypotheses concerning
movement of N prey individuals and P predators in a
rectangular space Lx × Ly. Namely, we will be inter
ested in how the trophic function is influenced by the
ability of individuals to make not only random but also
directed movements evoked by a nonuniform spatial
distribution of an antagonistic population.
Model Description
Let every individual release a specific scent—a
substance (pheromone, exometabolite) that spreads
and decays much faster than the animal moves from
place to place. Then the distribution of individual
scent can be taken to be normal, centered at the indi
vidual location point with rmsd σN for the prey and σP
for the predator. The smell of the whole population in
every point of the model space is determined by sum
mation of the scents coming from all individuals. The
moves of an ith predator are described by equation
P
P
P
P
P
x i, t + 1 = x i, t + ξ i, t + v i, t , where x i, t is a vector speci
fying the position of the individual in discrete
P
moments t = 0, 1, 2, …; ξ i, t is a random vector uni
formly distributed inside a circle of radius σP, model
P

P

ing random motion; while v i, t = κP∇SN ( x i, t ) +
P

θP v i, t + 1 is the vector of directed movement of the
predator along the gradient of prey scent SN in point
P

x i, t . For prey the formulae are analogous, differing
only in that the indices N and P swap places. The taxis
coefficients κN and κP specify the intensity of aimed
movements; θN, θP ∈ [0, 1] set their inertia. The direc
tion is set by the sign: κN ≤ 0, i.e., predator smell is
repellent for prey; κP ≥ 0, as prey smell is attractant for
predators.
In this way, by changing the parameter values, we
can model various strategies of motion of predators
and their prey inside the rectangle. Here we present

the results obtained under condition of reflection at
the boundaries, but imposing a sticking condition does
not qualitatively affect the results.
A prey winding up in an rvicinity of a predator may
evade capture with a probability γ, otherwise it is
eaten. To maintain the numbers through the simula
tion, an eaten prey was replaced with a new one at a
random point; this trick was borrowed from real lab
experiments [38].
Estimates of the expected individual ration g for
N, P = 1,…,25 pairs were computed by the Monte
Carlo method. In the end of each run, the g value was
determined as the total number of prey eaten by all
predators in the experiment divided by its duration
and by the number of predators. Under constancy of
population numbers, this calculation corresponds to
the laboratory methods and is perfectly correct. Run
ning 500 replicates of stochastic iteration over time
(t = 1, 2, … 200) ensured convergence and high
enough accuracy at Lx = 5, Ly = 3; r = 0.1; γ = 0.001;
σN = 0.5; δN = 0.1; θN = 0.25; σP = 0.5; δP = 0.25; θP =
0.5. The error in calculating individual rations did not
exceed 0.0001. We observed no qualitative changes in
the results upon varying the parameter values in addi
tional simulations.
Simulation Results
Plotting the lines of g(N, P) = const (isopleths) on
the (N, P) plane provides a graphic demonstration of
the essential consequence of predator interference and
of the changes in the latter with varying numbers of
either population.
In random motion (κN = κP = 0) there is no inter
ference, the isopleths are parallel vertical lines as in
Fig. 1a, i.e., the trophic function does not depend on
predator numbers, g = g(N).
However, in the more realistic case of pursuit–eva
sion (κN = –0.3, κP = 0.2) the pattern is qualitatively
altered (Fig. 2a): with growing N and P the isopleths
deviate from the vertical, in evidence of interfer
ence—decreasing rate of prey consumption by a pred
ator with increasing number of competitors. More
over, the dependence of ration on P in Fig. 2a is obvi
ously nonmonotonic: both growth and excessive
reduction in predator numbers entail a drop in hunting
efficacy; i.e., for any fixed amount of prey there is
some optimal size of the predator population that
ensures maximal individual consumption.
If the prey do not evade the predators (κN = 0), the
dependence of ration on P is only monotonic
(Fig. 2b).
However, these results give us more than just an
idea of how the trophic function behaves with varying
population numbers under particular hypotheses con
cerning individual behavior. It is not difficult to see
that the null isocline for the predator equation in set
(1), g(N, P) = μ/e, is also an isopleth. Moreover, from
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Fig. 2. Isopleths of trophic function g(N,P) computed with predator–prey spatial behavior simulations and the resulting phase
diagrams for the Gause–Kolmogorov model (1): (a) pursuit–evasion, (b) no evasion. Bold lines denote the null isoclines of
(black) predator and (gray) prey equations. Black circles mark stable and gray ones mark unstable equilibria.

the g(N, P) values calculated at particular parameters
values (e.g. μ = 0.045; e = 1; r = 0.19 and K = 10) we
can approximately reconstruct in the same (N, P)
plane the null isocline for the prey population (gray
line in Fig. 2) by numerically solving the equation
r(1 – N/K) – Pg(N, P)/N = 0. Thus, we can fully envi
sion the possible solutions of set (1), its equilibria and
their stability.

dynamics can not be described by model (1) unless the
trophic function involves interference.

Main Findings

4. Evasion of predator by the prey further modifies
the null isocline so that a nontrivial saddletype equi
librium appears (point 3 in Fig. 2a), while the equilib
rium corresponding to extinction of predators

1. For highly specialized animal species capable of
purposeful spatial movement, the predator–prey
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2. Predator interference may result from active pur
suit of prey.
3. The slanted disposition of isopleths in the phase
plane (N, P) is evidence of a stabilizing influence of
predator interference on the system dynamics, which
helps lifting the paradoxes of conventional theory.
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(point 2) becomes stable. The latter in fact is a realiza
tion of a strong Allee effect [40, 41].
5. A concurrent effect (and counterintuitive as it
may seem) is that a population of predatorevading
prey proves to be more vulnerable than a nonevading
one.
6. At high enough population numbers, the
arrangement of isopleths on the (N, P) plane is close to
the characteristic pattern of the Arditi–Ginzburg–
Contois function [6, 16], which is another argument in
favor of using this simplest dependence (see also
[19, 29, 30]).
DISCUSSION
The main goal of this work was to demonstrate—
with a simple and easily implemented model of animal
spatial behavior—the emergence of interference, seen
as the dependency of the mean ration of predators
(trophic function) on their numbers. In our opinion,
the simplicity of the model is its clear advantage. Let
us discuss some additional aspects of the results thus
obtained.
First of all, a brief comment on terminology. Before
“interference” came into use, Ivlev [25] wrote about
“complicated competition”, and some works, e.g. a
study of Bazykin et al. [39] on models with a g(N, P)
trophic function, also speak of competition—but
“competition” and “interference” should not be con
fused or used interchangeably. Competition for a com
mon food resource within a predator population can
be envisaged in models with interference but as well in
those without interference, i.e. g = g(N). Using “com
petition” to mean interference is incorrect for one
more reason: predator interference (dependency of
ration on P) may involve both competition and coop
eration [20], which is also evident from our results.
We have found that when the prey evades the pred
ator, i.e., at negative taxis (κN = –0.3), conditions are
created for collective behavior: an increase in the
number of predators (to a certain limit) results in an
increase in individual ration (see Fig. 2а). The mech
anism of this phenomenon in the model is easy to
understand: a buildup in predator smell makes the
prey aggregate in predatorfree spaces, but the ensuing
accumulation of smell from crowding prey stimulates
the attacks of predators and enhances their efficiency.
However, with a further increase in P the true compe
tition starts to prevail over such cooperation, whereby
the predator ration declines (though it remains some
what higher than in hunting passive, nonevading
prey). Ostensibly, the model actualizes a scenario of
collective hunting, but this collective behavior is a
result of selforganization—the behavior of each indi
vidual predator in the model is set by a simple algo
rithm and exclusively local information. In other
words, the model does not include or imply any social
“mutual aid” mechanisms; every organism behaves as

an autonomous (and absolutely egoistic) individual.
Yet in the final analysis it is such cooperation that gives
rise to an Allee effect in the pursuit–evasion model.
Let us recall that the Allee principle in population
ecology is understood as any mechanism whereby
increased population density improves the fitness of
individuals [40, 41]; there is no such effect in the
orthodox representation of logistic population growth.
The other side of a strong Allee effect is that a popula
tion having dwindled in numbers below some thresh
old is doomed to extinction. Mechanisms whereby
Allee effects may arise in a population system include
defensive behavior of prey, spatial behavior of preda
tors enforcing aggregation, modification of the envi
ronment by the animals, difficulty in finding mates,
genetic degeneration, etc. [41]. Our model does not
explicitly include all these features, yet it enables us to
assess the behavioral mechanisms of emergence of
interference, (quasi)cooperation, and Allee effect in a
predator population. In particular, it is shown that
evasive behavior of the prey may lead to predator
extinction.
Thus, our results support the expedience of consid
ering predator interference as an implicit way of taking
into account the spatial and behavioral effects in a
point model [6, 21, 23, 27, 28]. One more reason to
use type g(N, P) trophic functions in model (1) is that
thereby we obviate the notorious paradoxes of the
standard theory [12–15,17].
We should note that an alternative to the Gause–
Kolmogorov model considered here is the Leslie–
Gower model [42, 43] where not the reproduction but
the mortality of predators depends on the ratio of P
and N:
⎧ dN
⎪  = rN ⎛ 1 – N
⎞ – aNP,
⎝
dt
K⎠
⎪
⎨
⎪ dP
P⎞ P.
 = s ⎛ 1 – 
⎪ 
⎝
kN⎠
⎩ dt

(5)

Inasmuch as the null isocline of the predator equa
tion in (5) is a slanted straight line from the origin, this
model might also lift the “paradox of enrichment.”
However, the Leslie–Gower system itself suffers a seri
ous fault, neglecting energy conservation (predator
feeding and reproduction are not related in any way)
[6, 44]. Besides, today we have numerous experimen
tal data in evidence of the dependency of the ration of
predators on their numbers, but there has been no
convincing evidence in favor of the Leslie–Gower
hypothesis. For this reason, here we have restricted
ourselves to the logically consistent framework of the
Gause–Kolmogorov model.
In principle, the Gause–Kolmogorov model can
also accommodate a mortality coefficient growing
with population numbers, e.g., μ(P) = mP [45, 46].
Though this does stabilize the predator–prey dynam
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ics (to lift the “paradox of enrichment”), there remain
the problems with discrepant responses in the trophic
chain [44]. To add, it would obviously be hard to sub
stantiate the dependency of predator mortality on
predator abundance. Putative competition for a
resource other than prey, as proposed by Bazykin [46],
is not a very good idea, inasmuch as this “other
resource” does not anyhow influence the reproduc
tion of predators. A more plausible interpretation pro
posed by Steele and Henderson [45] implies that μ(P)
is predator mortality caused by some top predator not
envisioned in the model. Admittedly, in an earlier
work of Berdnikov et al. [22] predator fish mortality
was taken to depend on its numbers, but indirectly and
realistically, through shortage of food.
In any case, the most natural way of improving the
dynamic properties of the Gause–Kolmogorov model
is to modify the trophic function by allowing for pred
ator interference.
In conclusion, we would like to say a few words
about the place and the role of simple theoretical
models in mathematical ecology. Designing simple
(minimal, basic) models capable of reproducing com
plex behaviorally induced effects is an extremely use
ful occupation [47, 48]. Minimal models allow the
researcher to tersely present the essence of theoretical
notions on the system under study, to test the alterna
tive concepts and pick out the one that can consis
tently and most simply explain the empirical observa
tions [49, 50]. Eventually, it is qualitative validation of
basic models that ensures the reliability of the more
complicated modeling tools built for applied tasks
such as natural ecosystems management. Regrettably,
mathematical ecology—unlike e.g. mechanics—cur
rently puts in opposition the basic theoretical and the
applied simulation models. Theoretical models are at
best used only in teaching students, while simulation
(“computerdwelling”) models are often contrived
without any regard to theory—and the result is often
not even a black box, but a black box with inconceiv
able properties. Such opposition is unnatural and
untenable, and must be overcome: in simulation sys
tems of any complexity, the building blocks must be
simple, sensible, and empirically proven basic models.
If such a block turns out to be nonworking, we must
not complicate the simulation model just to procure a
desired result, but rather, we must modify or revise the
theory [6, 50].
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